In this note we complete, in the case of coformal rationally elliptic spaces, the proof of Lupton's conjecture posed and partially approved in [6] . As a consequence, we establish the Hilali conjecture for such spaces.
Introduction
Since the fundamental works of Quillen [8] and Sullivan [10] , rational homotopy theory has not ceased to produce conjecture after conjecture. In its Sullivan's approach, the main tool used to treat these, is nowadays commonly called the minimal Sullivan algebra. As a brief definition, it is a free graded commutative algebra ΛV = Sym(V even ) ⊗ Ext(V odd ), for some finite-type graded vector space V , together with a differential d of degree +1 that is decomposable, i.e., satisfies d(V ) ⊆ Λ ≥2 V . Recall that to any finite-type simply connected and, more generally, to any nilpotent space X, it is associated an (unique up to isomorphism) minimal Sullivan algebra (ΛV, d). The close relation between X and (ΛV, d) is expressed by the two relations:
V ∼ = π * (X) ⊗ Q and H * (ΛV, d) ∼ = H * (X, Q).
If moreover, both dim V and dim H * (ΛV, d) are finite, we say that X or equivalently (ΛV, d) is elliptic.
In this note, we will discuss some properties of elliptic Sullivan algebras (ΛV, d) (see [3] for more details about their properties). Among a lot of questions around them, we specify one posed by Y. Félix about a possible existence, in the cohomology H * (ΛV, d), of some e 0 -gaps. That is, can we find (at least) an element x ∈ H * (ΛV, d) whose Toomer invariant e 0 (x) = k and no element y with e 0 (y) = k − 1. Recall that e 0 (x) is the smallest integer n for which p * n (x) = 0 where p n : ΛV → ΛV /Λ ≥n+1 V stands for the projection onto the quotient differential graded algebra obtained by factoring out the ideal generated by monomials of length at least n + 1. In particular, if x = [ω] represents the fundamental class of (ΛV, d), the integer e 0 (x) is neither than the (well known) Toomer invariant denoted by e 0 (ΛV, d).
In [6] G. Lupton showed that for any elliptic Sullivan algebra (ΛV, d) with homogeneous differential d of length l ≥ 2 such e 0 -gaps doesn't exist. Further, based on this result, we showed in [9] that this is also the case when d = l≥2 d l provided that (ΛV, d l ) is elliptic.
As a follow-up to his main result in [6] , G. Lupton posed and established partially the following conjecture: Conjecture 1.0.1. Let (ΛV, d) be an elliptic Sullivan algebra with homogeneous differential of length l. Either dim H * k (ΛV, d) ≥ 2 for k = 1, . . . , e − 1 where e = e 0 (ΛV, d) = dim V odd + (l − 2) dim V even or H * (ΛV, d) is a truncated polynomial algebra on a single generator.
The above mentioned partial proof is given in [6, Theorem 2.5] under the additional hypothesis: ker(d : V odd → ΛV ) is non-zero. Therefore, in order to prove completely the conjecture, it remains to consider the case where ker(d : V → ΛV ) is concentrated in even degrees.
In this note; we give an explicit complement of the proof of (1.0.1) for coformal elliptic Sullivan algebras specified by an homogeneous differential of length l = 2. Our main result is then as follows:
is a truncated polynomial algebra on a single generator.
Recall that, for any elliptic Sullivan algebras (ΛV, d) (with differential d not necessary homogeneous), M.R. Hilali conjectured that dim H * (ΛV, d) ≥ dim V [4] . Now, if (ΛV, d) is coformal it has a rational Toomer invariant e 0 (ΛV, d) = dimV odd and by ellipticity dim V odd ≥ dim V even . Consequently, we have the following: Notice that in [2] , the authors gave an affirmative response to Hilali's conjecture for any coformal space whose homotopy Lie algebra L, given by the formula: V = Hom(sL, Q), has nil-potency of order 1 or 2.
To end this introduction, let us mention that the link established in [2] between Hilali's conjecture and that of Halperin introduced in [1] reflects the geometric aspect of this last one to all the questions considered in this note.
Preliminary and proof of our main result
In all what follows (ΛV, d) := (Λ(x 1 , x 2 , . . . , x n ), d) will denote an elliptic Sullivan algebra. Notice first that the hypothesis Ker(d : V odd →ΛV ) = 0 under which Lupton gave the affirmative response to (1.0.1 ) uses ingredients of Case I in the proof of Theorem 2.2 in [6] i.e., | x 1 | is assumed to be odd. In our attempt to complete the proof for coformal elliptic Sullivan algebras, we will then focus on the complementary case II where | x 1 | is assumed to be even. For more convenience, we recall the ingredients used in the case II.
In the remainder of this section we will assume that (ΛV, d) is equipped with an homogeneous differential d of length l. By ellipticity, its cohomology satisfies the Poincaré duality property and admits a second grading, H + (ΛV, d) = ⊕ k=e k=0 H * k (ΛV, d), endowed from lengths of representative cocycles [6] . Here, e stands for the Toomer invariant e 0 (ΛV, d),
. Consider then (ΛW,d) = (Λ(x 2 , x 3 , . . . , x n ),d), the quotient obtained by factoring out the differential graded ideal generated by the generator x 1 and denotes by p : ΛV → ΛW the projection. Assume that |x 1 | = 2r and let j : ΛV → ΛV the map of degree −(2r) defined by j(χ) = x 1 χ, for some χ ∈ ΛV . The short exact sequence
induces the following long exact Gysin sequence:
with connecting homomorphism defined as follows: Supposedχ = 0 for χ ∈ ΛW , so that dχ =
We will also adopt the following notations used in [6] :
We are now ready to establish (1.0.1). As it is naturally expected, we will use a recurrence argument. Moreover, in order to be more clear, the proof will be done in three steps among them an intermediate one where we assume that k = 2.
Proof of Theorem 1.0.2. As it is mentioned in the introduction, we will assume that | x 1 |= 2r (r ≥ 2) and the sequence (1) will be the main ingredient in our proof.
First of all, we notice that the structure of a truncated polynomial algebra on a single generator on H * (ΛV, d) is acquired exceptionally for n = 2. Therefore the result is valid for n = 2. Otherwise, if n = 3, minimality of (ΛV, d) implies that | x 2 | and | x 3 | are necessarily odd. Thus one of them is a cocycle and we are away from the hypothesis of the theorem. Henceforth, we will assume in all what follows that n ≥ 4 and the conjecture is valid for (ΛW,d). Recall that the homogeneous length of d in (ΛV, d) is l = 2.
We began by considering the sequence (1) with k = 1 and i = 2r (and l = 2). Since V 1 = 0, it reduces to:
. We need then to consider two cases: We reconsider (1) with k = 1 and i = m 1 and obtain the exact sequence:
By minimality of (ΛW,d),
Consequently, beside the case where m 1 − 2r + 1 = 2r or equivalently m 1 = 4r − 1 we will have dim H * 1 (ΛV, d) ≥ 2. But, if m 1 = 4r − 1 which is odd, we have by hypothesis H m1 1 (ΛV, d) = 0. It results that dim H * 1 (ΛV, d) ≥ 2 in all cases. This states (1.0.2) for k = 1.
Second step: dim H * 2 (ΛV, d) ≥ 2: Now, we consider (1) with k = 2, i = 4r (and l = 2). As 2r = |x 1 | ≤ |x 2 | ≤ . . ., we have H 2r+1 2 (ΛV, d) = 0. Consequently, we obtain the following exact sequence:
We have also two cases: 
(the antecedent of [x 2 ] 2 by p * is also a class in H 4r 2 (ΛV, d) ). Now, since n ≥ 4 (cf. the remark before the first step), by induction hypothesis, we have dim H * 2 (ΛW,d) ≥ 2. So, there is an integer m > 4r such that H m 2 (ΛW,d) = 0. We then continue by using the following exact sequence obtained from (1) when l = 2 and i = m. We then assume that m = 6r − 1. Thus, δ * is an isomorphism given by δ * ([ 4, 5) . We then consider the exact sequence obtained from (1) with (ΛW,d) (resp. (ΛW ′ ,d)) replacing (ΛV, d) (resp. (ΛW,d) ), i = m ′ = 8r − 2 and l = 2 (thus m = m ′ − 2r + 1):
Clearly, If
. . If H m ′ 2 (ΛW,d) = 0, by reconsidering the exact sequence (7) with m ′ instead of m, we deduce that H m ′ 2 (ΛV, d) = 0, thus dim H * (ΛV, d) ≥ 2. Now, if H m ′ 2 (ΛW,d) = 0, we have H m ′ 2 (ΛW ′ ,d) = 0. But, by definition of m, the least integer verifying such a property is m ′ . Furthermore, by using successively (8) and (7), we deduce that dim H m ′ 2 (ΛW ′ ,d) = 1 which assures the existence of an integer m" > m ′ such that H m" 2 (ΛW ′ ,d) = 0. Again, by (8) and (7), we have either H m" 2 (ΛV, d) = 0 or H m"−2r+1 2 (ΛV, d) = 0. Thus, in both cases, we obtain dim H * (ΛV, d) ≥ 2.
(a 2 ): Suppose that H 4r 2 (ΛW,d) = 0. Hence, j * (in (5)) is onto and then (in regard to its definition related to that of δ * ) we should have [x 2 ] 2 = 0 as a class in H 4r 2 (ΛV, d) (ΛV, d) = 0, thus, by the inequality m − 2r + 1 < m < m ′ and the sequence (7) with m replaced by m ′ we deduce that, either H m ′ −2r+1
(ΛV, d) = 0, from (7) again we deduce that H m 2 (ΛV, d) = 0. Here, if m = m ′ − 2r + 1, we finish as just above.
We now assume that m = m ′ − 2r + 1 so that m and m ′ have necessarily opposite parity. If m is even, m ′ is odd, then, from (7) (with m ′ instead of m) we obtain the exact sequence:
which is sufficient to conclude, or else dim H m ′ 2 (ΛW,d) = 1 which implies that δ * is an isomorphism and consequently H m ′ 2 (ΛV, d) = 0. To continue, we will make use of the sequence (8) (with m and m ′ of this sub-case).
be the generating elements. Thus, since m > 4r we should have | x i |> 2r or | x j |> 2r and similarly, as m ′ > m > 4r and m ′ is odd we may take | x k |> 2r or | x l |> 2r and l > k. We also assume that j ≥ i (notice that if | x i |= 2r then j > i). Furthermore, by definition of p * , [ξ] is also a generating element of H m 2 (ΛV, d) but [ξ ′ ] = 0 in H m ′ 2 (ΛV, d) = 0 so that, there exists x s ∈ W such that d(x s ) = ξ ′ . By minimality, s > k and s > l and consequently, the subspace W ′ = W \{x 2 } has dimension dim(W ′ ) ≥ 3. It suffice to use the sequence (8) with i = m" = m ′ + 2r − 1 and a similar discussion made in (a 1 )(ii). Now, if m is odd and m ′ is even, since m − 2r + 1 < m, we get from (7) the exact sequence: (ΛV, d) = 0. We return again to (1) and put k = 2 and i = |x 1 | + |x 2 | = m 1 + 2r. This gives the exact sequence: (10) . . . →H m1+2r−1
Notice that m 1 + 2r < 2|x 2 | implies H m1+2r 2 (ΛW,d) = 0. 
